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DEFINITION 1.1 A group is a set G together with a binary operation
(a,b)r>axb:GxG—>G

: satisfying the following conditions:

G1: (associativity) for all a,b,c € G,
(axb)*c=ax{b*c);
G2: (existence of a neutral element) there exists an element e € G such that
axe=a=exda (1)

_ foralla € G:
i G3: (existence of inverses) for each a € G, there exists an a’ € G such that

! '
axa =e=da *d.
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EBRBEEXFE oMV, HEMSKRATE, GlEEE, MEABERIMANEZMEZE, W
R, fBanfE AU

F# (Subgroup)

HITEMNERCHTERS, WRSHHEERHMM, NSH I TE. "#MHA'tE, SHERRD
TERMEEER, NESH.

IF# (Normal) F#
EGHFEN, WHLzE (gng™(-1)) Hifl, MANZERFEE. ATATEENTF
B XA, WX EEE.

fE% (Coset)

GETESHITEa, auy5SHFBETRER, BEHFEE—aSHMALREE, Salk A
£, EARBREEBXNE, AXBINBE HLRE.

For a subset § of a group G and an element a of G, we let

={las|seS}
Sa={sal|seS}.

REEMHER, XMWER, EMEFRARNED. EFEFEERNMR: BEEERE
2 HEHFK ZEEBSH——RENSSUAENIS.
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PROPOSITION 1.25 Let H be a subgroup of a group G.
(a) An element a of G lies in a left coset C of H if and only if C = aH.
(b) Two left cosets are either disjoint or equal.
(¢c)aH = bH if and only ifa='bh € H. :
(d) Any two left cosets have the same number of elements (possibly infinite).

B (Quotient) Bt

SHEFERENES, 1IAG/S, HAHE”, EMNEHGHLN. HAE, FEMBEFRTR—
M EREKE, FARKT (Coset Representative) .

3

/

{e,a, b,c, .., ..}

G/SEHL? HSEEMTHN, & MEBH . BN _TEEEXA@S)*(bS)=
(@*b)S;, EMFRERA T FRMZL.

FhEX Y, MEHRHREL. EHENBRZINEDBZI=Z, BOBEADMEFNE mH
W25 EEH.

1R (Group Action)
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HERETT, BERANHEXAKREE. AARTERRTETRS, XESE528ENE#
£,

BAVRHEDTT, BIREMARG, B8RITRMMEEX. ZF-—EHEMRNEERG-set,

DEFINITION 4.1 Let X be a set and let G be a group. A left action of G on X is a mapping
(g,x) > gx:G x X — X such that

(a) lIx=x,forallx € X;
(b) (g182)x = g1(g2x),all g1, 82 € G, x € X.

A set together with a (left) action of G is called a (left) G-sef. An action is trivial if gx = x
forallg € G.

f&E (Stabilizer) F&t

BT HIEMAG-set, HMNFEAECNEINZLEIMS. CPMETRIREXNTESE, I
UARBZSHE? TIEHXEgAMMNEERE, R ASHIREFRFStab(S).

For a subset § of X, we define the stabilizer of S to be

Stab(S) = {g € G | g8 = S}.

Stab(S)MR B A = FHE L, WERZ, WNEIEETEZERRUNEE. H8Stab(S)H
fEE. BeH4AlR? BEXHEESIHRE.

Hid (Orbit)

E5REFHFER, FTRENESEHER? BIXFxEX0, AGRMZT#HE, x0EIHEE,
R Ax0H9 % B GXO, H_ﬂ,lEOrblt(xO), BEXHFE,
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By definition, the G-orbit containing xp is

Gxo={gxo|g € G}. |

i It is the smallest G-stable subset of X containing xg.

AEXOFEAEHIE, HHENE NENKESEXNYD, HHRERERE
b, RAAFFTRTEREZE Bl TFNE

U]
ot
k%
ke
Bk
Pt

Write x ~g y if y = gx, some g € G. This relation is reflexive because x = 1x,
symmetric because
o | _ o1
) =gt —= &= ¥

1

(multiply by g7 on the left and use the axioms), and transitive because

y=gx, z=gy = z=g'(gx)=(g'g)x.

It is therefore an equivalence relation. The equivalence classes are called G-orbits. Thus
the G-orbits partition X . Write G\ X for the set of orbits.

NTET, WBRMNNXAFR T IERRE X TRAELAINEIMRESHENE

E7# S5 (Homomorphism)

WEREMNMHEMERRNES? RATSREFBERFCHN-_TER, £HG LNRFF. G
G'RINTUARTE,

DEFINITION 1.20 A homomorphism from a group G to a second G’ is amap a: G — G’
: such that a(ab) = a(a)a(b) for all a,b € G. An isomorphism is a bijective homomor-
i phism. :

GMG'HMITER, FEFAMNNXR? ASMHATEEE LT FIT HNEE,

E4) (Isomorphism)
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E7SMLGT, MRE——ME (Bijective) | MIGHMGHEEF (K/NMBF, THE—XN) , K
AEH (Isomorphism)

#% (Kernel)

RSB Hfh (BEFFSE ")  ZKer(BEMRS R BN THTENES (BATHR
B . gEmE'" RERT)  &ZEE'E (WEERT) .

The kernel of a homomorphism «: G — G’ is

Ker(a) = {g € G| a(g) = e}.

TUER, BERETHBS . B4, ZOBHEM4AR? EXEEZHRR

R, B—EREMFEH. BN vgeG, vaeKer(f), f(gag”n(-1)) = f(g)f(a)f(g”(-1))
=f(e)=e' => gag”(-1) eEKer(f).

Bt FABENERE

HERASAOZE, ETHZREBRANXETHEENEE, NEEF-—ELXENZL
5, BEFRMIANSE, AMXMRERR.

BN EHEEE#HE (Permutation Group) BFE

BHUMNEMRERNER. TIEH, 8—TLEETR, BEEETENER. "ER"'E—
MEESEISHNET & E, RIHESTHHTRERERHS TIRF.
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e | ee ea eb ec
a | ae a* ab ac
b|be ba b*> be
c|ce ca cb c?

MREMBUENERZET, siF 7 ERESN. ERFN_TEEEXAERNESR
(ERE#R) -

B

Ex ETNER, SENE, MEHZTER—BHRBSN—N T, SHTEIEESN
FTHREHZRREYE, ERAVBAEREIRFTONTET. M BEOERRUE R SRS

(Homomorphism)

THEOREM 1.22 (CAYLEY) There is a canonical injective homomorphism

a:G — Sym(G).

: PROOF. Fora € G, define az:G — G to be the map x + ax (left multiplication by a).
i Forx €G,

(apobr)(x) =ar(bp(x)) =ap(bx)=abx = (ab)L(x),
and so (ab)y, = ayp oby. As ey = id, this implies that
apo(@ ')y =id=(a"")poay,

i and so ay, is a bijection, i.e., ay € Sym(G). Hence a > ay is a homomorphism G —
: Sym(G), and it is injective because of the cancellation law. o

COROLLARY 1.23 A finite group of order n can be realized as a subgroup of S,.

BIONERERERENEELTREANER. MBETREFAERELSEITRNERES,

NTHEERENTE.
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BEMENTBRMNERE BILHAROER T LR —TENE2E/) E’J?Eiffﬁe, it %
ABZ, MEBEHRMNEE, WESEFTUEMARFSEHA, RLAHNRE

FRENBSEEHE (Free Group) HIFE

BEEXTTREREEGERE, FRKE, £NBHEFFX, FXBRETEHEXS, TEETD
o

—%, MANANR. WERTARE? BN a=b, #@NMERX, Blabr(-1)=e. thR1Z
W, ARMETEMRR, abM(-1); BHRFHRARXRE (Relation) . XEMEFICAR.

B4, REZK? mEhETFR, #4gh=g, Blghg”(-1)=e, Fril#ipizEghg (-1t 2
*%, BTR. IEEFXFFREgXE, HMNAINREBIEMFE.

T2, BTHEX/R, ILAG. GHREEBBEHLTEMNXH, BLSMAANAR/XR (KR
2R, SR EMN=E. (Quoraf ZEHiERE)

PrE G, #YMMLER, eN&E 8 BN,

COROLLARY 2.5 Every group is a quotient of a free group.

PROOF. Choose a set X of generators for G (e.g., X = G), and let F be the free group
generated by X. According to (2.3), the map a > a: X — G extends to a homomorphism
: F — @, and the image, being a subgroup containing X, must equal G. o i

HMBRGHRORE, WK BIHN— S EEYN, PERBORYRE. TARAE
HENES, EASHMRAEARNXER? MESHGEH, EEERNESH. (BEH

%)
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e ARG

WEMRZEEER? IERERNOCHLTT, RFEEN—BUFHKE, AEMRALLE
M. oz ARG 1.

B &= X1l 73

BRI, BRENESG/SHMMEGCHNY. MEKEAK/NEE, EEEHELEN, F
gnM*a, BSHITR——MREEaS,

XML T A NERER. BTE, BEEA® MERNRBKRESEHEER. YN
=, TEIUMERER.

NTEFREE BNUUEEDHE, MEHES, EEBRFER? P2REBNEHEITREHE
(Stabilizer Chain)

REFHNBSHERN
ST ERfRE Y MEETT TR, MBI XTI T RS, Stab(S)hivHElE, TEEES.
THEXEStab(S) MRS, RHERKITAY, FEHEHIStab(S). gStab(S)RERITE, TH

g*xE€Stab(S)%B&|. TINAI, EStab(S)XBHMEM, UG x&EKSTEZ BRI E,
BIgRIALE .
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B, Stab(S)MfEE, SSHWMEEINE 2— WM. MBETEBEZETH
G, FTd, BEENES. AIStabS)NH, SSEIEAMMBEME. RBISHE, B8
G/Stab(S)<-> Orbit(S).

PROPOSITION 4.7 If G acts transitively on X, then for any xo € X, the map
g Stab(xq) — gxo: G/ Stab(xg) > X

t is an isomorphism of G -sets.

XExEEEHMNEFBEITRSHENEM. REFHEATR, MEERERAA" ELSH
WSMetrBIFg, UM (F5)) "=UBELEERE (E") B9%7.

Stab(S)

cStab(S) aStab(S)

bStab(S)

ERMEDT EBERG. MIFBE'ER BECHERH, W
UEET, REEE-BENZEESEE. SEFRER, AN

BAMT B M SRS .

RZSBRESHIEH

TR MR Y R EISREI TG B G BIREG . M A izKer(HAF . EKer()2EMF
£, G/Ker(Nmiat, TREKer(MREE.
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Ker()H9psEE I R? FHgeaKer(f), Ng=a*pmmp€eKer(f), #&f(g)=f(a)f(p)=f(a).
B, A— &t 2MsEGHE—&,

TNEH, WEEBS REFHAOFSHERE Z—HM: G/Ker(f)5G' R, mfikst.

AW, G/Ker(ZE5TEGHM%KR, LAl (Image, RIfEG HEELFNMBETEMNE
7). B,

Ridsk, gBMNERZKer(f), HEHRSRHFIZ? M. EREMRFREN, LT HE
Ker(f), m<HEgEGRREEHEEEG/N, CHEFHREFG/N.

https://mp.weixin.qq.com/s/D3ZHMDPgChuCKnMcu95a9A 12/16



7/22/2019 AccelaffEfei+

THEOREM 1.45 (HOMOMORPHISM THEOREM) For any homomorphism «:G — G’ of
groups, the kernel N of « is a normal subgroup of G, the image I of a is a subgroup
of G', and « factors in a natural way into the composite of a surjection, an isomorphism,
i and an injection: :

G P

surjectivelgw gN Tin_jective

N
o ki

isomorphism

JNER, ASKRS. ERTEH. B8, ARE—HN. SN5SRETEH. hE, AREE
—HH., FBSREREERTH, EATHAIRSKRE . BEG/NERSRE LRGN

G, "R EFMELD.

RIZSIRGY, FWFEREMRLIRWAOMS. MAERLHR, AMEHTLEARR, LLLEEMNBRERRE
E, BN EEEHILEEERI.

=

Tkk

HHE

HET, BB T OEEGHTTE, EBREMNTEN, MEMNHHFG/NLLGE/N, MBEFRFT
5G—HM%EM, BUNAZNESHRE AR,

G N TG/N;, GENEG/NfIHEF (Semidirect Product) . 5GEEN 8, MNE
B EE, EHTHRBEEHMNTE.

DEFINITION 3.8 A group G is a semidirect product of its subgroups N and Q if N is
normal and the homomorphism G — G/ N induces an isomorphism Q — G/N.

Equivalently, G is a semidirect product of subgroup N and Q if

N«G; NQ=G; NnNnQ={1}. (15)§

MRBCHEIESER? MBS B ARE, REFYHRERE (Simple Group)
BIAREE/NNEMRFEE (Non-trivial) RyEE,
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Jordan—-HolderEIB5H!, G B4t (Composition Series) 22— KEHEZ,
BEAER, REMFETE,

WMEAMNBEHMERRNOFEGE? X — i 72 7% 4 Group Extension, %5 R 3 i —
(Quora) . ¥HRZHBTTH.

A sequence of groups and homomorphisms
| s NS>65 Q1 (16)

is exact if 1 is injective, i is surjective, and Ker(zr) = Im(¢). Thus ¢(N) is a normal sub-
group of G (isomorphic by ¢ to N) and G/t(N) = Q. We often identify N with the
i subgroup ((N) of G and Q with the quotient G/ N.

: An exact sequence (16) is also called an extension of Q by N.! An extension is central
if t(N) C Z(G). For example, a semidirect product N xg Q gives rise to an extension of

. Qby N,
: l = N—>NxpQ—0Q0—1,

which is central if and only if @ is the trivial homomorphism.

BRERNNZ: BFEHZESNE. HFEHR, REOAT4M. XEEMH—VIEHN R
8, BNEM L iEE .

A. THE CLASSIFICATION OF FINITE SIMPLE GROUPS
There 1s a complete list of finite simple groups. They are

(a) the cyclic groups of prime order,
(b) the alternating groups A, for n = 5 (see the next chapter),
(c) certain infinite families of matrix groups, and
(d) the 26 “sporadic groups™.
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TR EEMZ LR, HHEEMt, XESHEAMTR2EFSUEHEIR . B TR BEZ
MEERRILSE, AR, EHEVE, FHEE"

S

WEEEFK G ﬁ’i’zﬁﬂ? = EEEH, "Xﬂ‘ﬁh”ﬁﬂﬁtﬁ‘ BLRERH BB M
HILMREER, NEMNSHF—BubEHE., REBAOCHIELR, M= TRASLEISOE ML

==
BIURS

—UIRE R, P2, BAVERMETHRE. BUEENI33FT, AF43FHAKNEA
& MEIVEMA* A AFETNF

8! x 37 x (12!/2) x 2! = 43,252,003, 274, 489, 856, 000

B ek
WIS EZILIMNE, BUSRREEFERITL.,

FTERIEHERZ B REFAIEERE
https://math.stackexchange.com/questions/9446/every-group-is-the-quotient-

of-a-free-group-by-a-normal-subgroup

BRFER: https://zhuanlan.zhihu.com/p/51330777

YI8{4Kk: http://www.lunwenstudy.com/wgzhexue/65123.html

J.S. Milne Group Theory: https://www.jmilne.org/math/CourseNotes/GT310.pdf

HEf: https://zh.wikipedia.org/wiki/%E5%8D%8A%E7%BE%A4

15 : https://zh.wikipedia.org/wiki/%E5%9F%9F (%E6%95%B8%E5%AD%BS),
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B HEHIREE QuoraE BIERIMERE:
https://math.stackexchange.com/questions/9446/every-group-is-the-quotient-
of-a-free-group-by-a-normal-subgroup

EEEE:
https://zh.wikipedia.org/wiki/%E8%AF%AD%E8%A8%80%E5%93%B2%ES5%AD %A
6

Simple Group: https://en.wikipedia.org/wiki/Simple_group

Jordan-HolderEI2: https://en.wikipedia.org/wiki/Composition_series

Group Extension Quora: https://math.stackexchange.com/questions/25315/how-
is-a-group-made-up-of-simple-groups

BEOHTEDE:

https://en.wikipedia.org/wiki/Classification_of finite simple _groups

3*3*3E 75 : https://en.wikipedia.org/wiki/Rubik%27s Cube
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