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Schreier subgroup lemma:

Let G be a group with a set of generators S. Let H be a subgroup of G, and let R be the set of coset
representatives of H in G. For any g in G, let [g] denote the element of R that represents the coset gH, i.e. [g]H
=gH, and [g] lies in R.

Then H is generated by the set { [sr]'1 (sr)|rinR,sinS}.

Proof:

Let h be any element of H. Then it also lies in G, so h = s45983...5¢ for some sequence of generators s;in S.

Let tj = [Sj+1...Sk], the coset representative of Sj41...5k.

Note that tx = [e] = e by definition, and tg = [s1..5k] = [h] = e.

So we can therefore rewrite h as h = (tg'1 Sq t1)(t1'1 so to) ...(tk_1'1 sk ty).

We also find that (s tj))H = s;(tj H) = sj ( Sj+1--5k H) = (5iSj+1--Sk)H = ti.q H so [s; tj] = [ti.1] = ti1-

We use this to rewrite h once again, to get h = ([s1 t1]'1 S1 t1)([s2 t2]'1 So to) ...([sk tk]'1 Sk tk)-

The t; are coset representatives (by definition) so clearly each factor in the above expression is of the form [sr]'1
(srywith sinS andrinR.

Furthermore these factors are in H because [sr]'1 (sr)H = [sr]'1 (srH) = [sr]'1 ([sr]H) = ([s.r]'1 [srh)H =eH = H.

Any element h in H is a product of such factors, so it follows that the set { [sr]'~1 (sr)| rin R, sin S} will generate
exactly H.
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Proposition 2.2 (Jerrum’s Filter). [2] Any subgroup of S, can be gen-
erated by at most n — 1 elements. Moreover, such a generating set can be
found ’on-line’, in the sense that if S is a suitable generating set for H and
g any element of S,,, then is is possible to find a suitable generating set S’

for (H,g).
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